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Abstract—The hydrodynamics and heat transfer of thin film flow with a wavy interface has been studied

using computational fluid dynamics techniques. The velocity and temperature fields are obtained for

periodic laminar flow with an assumed interface shape. The effect of sinusoidal and solitary waves on the

heat transfer across the film is investigated. It is shown that the overall heat transfer coefficient is determined

mainly by conduction through the film, rather than by the recirculation, if any, under the waves. However,

the presence of interfacial waves still enhances the heat transfer coefficient due, mainly, to the effective
thinning of the film. Copyright © 1996 Elsevier Science Ltd.

1. INTRODUCTION

The flow of a thin liquid film down a solid wall can
often be observed in everyday life, as when rain water
flows down a window pane. It is also a subject of
industrial importance involving heat transfer and
mass transfer, typical examples of which are film coo-
ling of turbine blades and gas absorption in wetted-
wall columns, respectively. There have been a number
of studies of falling films over the past several decades.
One of the earliest of these is that of Nusselt [1] dealing
with steady laminar flow in a smooth condensate film
flowing down a vertical wall under the action of grav-
ity. He obtained the following expressions for the film
thickness (8), average liquid velocity in the film (u,)
and the average heat transfer coefficient (1) in terms
of 0, the volumetric liquid flow rate per unit wetted
perimeter :
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where g is the acceleration due to gravity, k the ther-
mal conductivity of the fluid, v its kinematic viscosity,
and Re is the film Reynolds number defined as u,5/v.

The above relations are valid for a smooth film.
However, it is well-known (see for example, the review
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by Fulford [2]) that waves are formed on the surface
of the film, even for small liquid flow rates. Linear
stability analyses by several researchers have shown
that a smooth film is unstable for film Reynolds num-
bers greater than a critical value. For the free flow of
water down a vertical wall, the critical value was put
at about 6 by Kapitza [3, 4], while Benjamin (5] found
that vertical film flow was always inherently unstable,
although the instability may not be physically mani-
fest at very low Reynolds numbers. The analyses of
other workers [6, 7] also show a similar trend [2]. The
instability of the smooth film has also been confirmed
experimentally by several researchers [2, 8-10] who
reported the onset of wavy motion for Reynolds num-
bers less than 10. The wave patterns on falling films
are many and varied, and have been studied over a
number of decades; useful reviews can be found in
Dukler and Bergelin [11] and Fulford [2]. The main
results from these studies are as follows. Below the
critical Reynolds number for wave inception, the film
surface is completely smooth. At Reynolds numbers
slightly higher, small, symmetrical waves appear. At
still higher flow rates, the regular symmetrical waves
become asymmetrical and steepen at the front and
have a gently sloping tail. These ‘roll’ waves are not
regular, and may interact with each other. These
waves, which range in amplitude from two to five
times the substrate thickness, carry a large fraction of
the total liquid mass, and are thought to control the
rate of heat and mass transfer rates [12]. There may
also be smaller capillary waves in between successive
roll waves. At still higher flow rates, the wave pattern
becomes chaotic and the flow appears to be turbulent.
This happens at a Reynolds number in the region
of 250-400, although much higher values have been
reported for this transition. In a typical falling film,
the interface would be smooth for a short distance
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wetted perimeter
Re film Reynolds number (U,J/v)
T.(x) interface temperature at position x
T, (x) wall temperature at position x
u velocity down film (x-direction)

NOMENCLATURE
g acceleration due to gravity u, average velocity in film
k thermal conductivity Uy, wave velocity
L, length of tail section v velocity normal to wall (y-direction)
L length of wave front section X distance down film.
Pr Prandtl number
Q volumetric liquid flow rate per unit

Greek symbols
0 liquid film thickness

A average heat transfer coefficient
A(x) local heat transfer coefficient
v kinematic viscosity.

from the entry, followed by the inception and rapid
growth of sinusoidal waves leading to the formation
of the irregular roll waves [13, 14, 40]. The statistical
characteristics of the interfacial waves have been
reported, among others, by Dukler and co-workers
[15-17], and more recently by Karapantsios ez al. [18].

There have been several theoretical studies of the
hydrodynamics of the wave motion in falling films.
These range from the Orr-Sommerfeld type of linear
stability analyses to computer simulation of wavy film
flow [3-5, 14, 19-25]. The earlier studies concentrated
on obtaining the frequency and velocity of sinusoidal
waves, and are limited to small Reynolds numbers.
The more recent studies focused on obtaining the vel-
ocity field, etc. for the roll waves. Although some
streamlines and velocity fields have been obtained,
especially for roll waves (see, for example [refs. 20,
23-26]), the effect of the waves on heat and mass
transfer has not been systematically investigated, in
spite of the well-established fact that experimental
studies have shown that the transport processes are
strongly affected by the presence of waves. For exam-
ple, Kirkbride [27] reported heat transfer data in fall-
ing film condensation which showed a 25-50%
increase in the heat transfer coefficient over that pre-
dicted by the Nusselt smooth film theory. Similarly,
Bays and McAdams [28] reported a 20-30% increase
in heat transfer coefficient for the heating of fluids in
falling film towers. More recently, Kutateladze and
Gogonin [29] and Chun and Seban [30] present data
for the two cases confirming that the heat transfer
coefficient in wavy laminar flow is higher than that
predicted by the Nusselt equation. The case for the
wave effect on mass transfer has also been made by
several researchers including Emmert and Pigford [31]
and Stirba and Hurt [32], both of whom reported a
manyfold increase (over the smooth-film theory) of
mass transfer coefficient for wavy films. More con-
clusive evidence is presented by Brauner and Maron
[33] who measured the local instantaneous values of
film thickness and mass transfer rate in inclined falling
film flow.

While the enhancement of heat and mass transfer

coefficient by interfacial waves is thus established, the
reason why and how this happens is not clear. It has
been suggested that this may be due to the increase in
interfacial area due to rippling, but this possibility
has been discounted by the experimental results of
Portalski and Clegg [34]. Other reasons, such as
increased bulk mixing by the waves and the thinning
of the film due to the waves, have also been proposed
to account for the increase in heat transfer coefficient
under wavy flow conditions. The purpose of the work
described in this paper is to investigate the hydro-
dynamics of the flow, with a view to understanding
the role of the interfacial waves in heat transfer across
the film. This is done numerically by calculating the
velocity and temperature fields in wavy flow using
computational fluid dynamics (CFD) techniques. The
calculation methodology is described in Section 2 and
the results are discussed in Section 3.

2. CALCULATION METHODOLOGY

Numerical simulation of fluid flow is increasingly
being used to solve a wide variety of fundamental
and practical fluid flow problems. Here, the set of
equations governing the fluid flow (comprising nor-
mally mass and momentum conservation equations
with appropriate boundary conditions) is solved using
spectral or finite element or finite difference methods.
The techniques have been developed to such an extent
that normally they take the form of CFD codes, some
of the well-known examples of which are TRAC,
PHOENICS, FLOW3D and FLUENT. In the present
study, the flow field calculations are performed using
the Harwell-FLOW3D computer program developed
at the Harwell Laboratory of the UKAEA [35].
FLOW3D uses a finite volume method-based dis-
cretization of the governing partial differential equa-
tions on a nonorthogonal body-fitted grid. It adopts
the nonstaggered grid approach, whereby the values
of all the variables are evaluated at the centres of the
cells (unlike in the case of the staggered grid approach
where fluxes are evaluated at cell faces) and uses the
Rhie-Chow algorithm [36] extended to three dimen-
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Fig. 1. Various shapes of the falling film interface: (i) with a

sinusoidal wave; (i) with a distorted sinusoidal wave ; and

(iii) with a solitary roll wave. (iv) Boundary conditions on
flow domain.

sions [37] to overcome the problem of chequerboard
oscillations in velocity and pressure usually associated
with the use of nonstaggered grids. In the present
study, the SIMPLEC algorithm [38] is used for pres-
sure—velocity decoupling. Details of the computer pro-
gram can be found in Jones er al. {35] and Burns and
Wilkes [37].

2.1. Specification of the problem

In the present study, calculations of velocity and
temperature fields in wavy flow have been performed.
Three types of wave shapes have been used in the
calculations ; these are regular sine waves [Fig. 1(1)];
distorted sine waves in which the wave front is steeper
than the tail of the wave [Fig. 1(ii)]; and solitary or
roll waves in which a wave form flows over a substrate
of constant thickness [Fig. 1(iii)]. All three types of
waves are encountered in falling film flow, and the
velocity field in the third type of wave has been cai-
culated earlier by other researchers, for example,
Wasden and Dukler [24, 25] and Maron et al. [23],
although the focus of their studies was different from
that of the present study. In as much as the waves are
assumed to be periodic, the time dependence of the
problem has been removed by taking a frame of ref-
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erence moving at the velocity of the wave. Thus, a
steady, laminar flow through the flow domains, shown
in Fig. 1, is simulated. Since the wave moves down-
wards at a constant velocity u, in a stationary frame
of reference, the boundary condition on the wall [side
AB in Fig. 1(iv)] is specified as u = —u, and v =0,
where v and v are the velocities in the x- and y-direc-
tions. In view of the periodicity of the wave, plane AC
and BD are specified as periodic planes. This means
that the velocity and temperature profiles across the
two planes are identical (but they need not correspond
to those of fully developed flow). The presence of gas
beyond the interface (side CD) is neglected, and the
boundary condition on this side is that there is no
shear stress at the interface. For the temperature field,
sides AC and BD are again assumed to be periodic
while there is a constant heat flux into the flow domain
from the interface (side CD) and the same amount of
heat flux going out of the flow domain at the wall
(side AB). This would correspond to the case of con-
densation heat transfer. For convenience, constant
properties are assumed for the fluid with the density
being 1000 kg m™3, dynamic viscosity 0.001 kg m™'
s~ !, specific heat 1 J kg~' and thermal conductivity
0.001. It should be noted that the density and the
viscosity correspond to those of water while the
Prandtl number, Pr, is equal to 1.

2.2. Grid independence

The accuracy of the solution obtained from the
CFD calculations depends on a variety of factors,
including the complexity of flow field and the accuracy
of the numerical solution. In the present case, the flow
is laminar and steady and the geometry is fairly simple.
This means that the closure problem in turbulence
modelling can be avoided, and an accurate solution
can be obtained with a fine enough grid. With this in
view, several grids of increasing refinement were tried
for the case of Fig. 1(a). A body-fitted grid of the
type shown in Fig. 2 was fitted with 20 x 10, 20 x 15,
20 x 20, 40 x 20, 40 x 40 and 80 x 40 points in the x-
(flow direction) and the y-directions, respectively. Cal-
culations were performed for a typical case. It was
found that satisfactory solutions could be obtained
with a grid as small as 20 x 20. This is probably due
to the use of a higher order (nominally second-order
accurate) upwinding scheme [39] for the discretization
of the convective term in the momentum equations.
The results reported here were obtained using this or
a finer grid.

2.3. Determination of the wave velocity

In the present study, the flow field was calculated
for a wave of specified shape, i.e. for given amplitude,
wave length, mean film thickness and distortion, if
any. It has been mentioned in Section 2.1 that one of
the boundary conditions on the wave was that the
wall moved at the wave velocity, u,, in a counter-
current flow direction. This velocity is not known a
priori and is calculated as part of the solution. For a
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Fig. 2. Typical grid for the flow domain.

given mean film thickness and the shape of the inter-
face, the flow field is first calculated with an estimated
value of the wave, and hence, the wall velocity. Since
the forces acting on the flow are the gravitational force
and the shear stress at the wall (the interfacial shear
stress being zero by assumption), these two should
balance each other when integrated over the entire
wave. However, this need not be so if the wave velocity
is chosen incorrectly. This is then used as the criterion
to determine the correct wave velocity. A typical vari-
ation with wall velocity of the ratio of the overall wall
shear stress to gravitational force is shown in Fig. 3.
The wave velocity which gives the ratio to
1.000 £ 0.001 was taken as the true wave velocity. A
procedure similar to this was used by Wasden and
Dukler [24, 25] in their calculations of the flow field
in solitary roll waves. Their criterion was based on the
pressure being zero at the outlet cross-section, the
argument there being that it would be so for a non-
accelerating film. Such a criterion would not be appli-
cable for periodic flows.

The solution corresponding to the true wave vel-
ocity gives the velocity and the temperature field for
the laminar, steady flow of a fluid flowing with the
specified position and shape of the interface. From
the known velocity field and the average thickness
(averaged over the wavelength) of the film, J, the
average film velocity in a stationary frame of refer-
ence, iZ,, can be calculated. The Reynolds number of
the flow is then calculated as Re = #,6/v. The local

1.05

Shear force/gravitational force
8
|

| |
0.175 0.225
Wall (wave) velocity [ms™!]

0.95

0.125 0.275

Fig. 3. Relation between the wall velocity and the ratio 7,./pgh
illustrating the dependence between the imposed wall (wave)
velocity and the wall shear stress obtained from calculation.

heat transfer coefficient is determined as
Ax) = q(x)/[T(x)— T,(x)], where g(x) is the heat flux
at position x, Ti(x) the interface temperature and
T,(x) the wall temperature at the same x position.
The average heat transfer coefficient is obtained by
averaging the local value over the wavelength. This
Reynolds number is then used to quantify the wave-
induced enhancement of the heat transfer coefficient.

The calculation methodology described above has
been used to determine the flow field for a range of
flow variables. The results from these calculations are
described in the next section.

3. RESULTS

The results of the calculations for falling films with-
out interfacial waves are shown first in Table 1. In
these cases, a constant film thickness was assumed,
and the motion of liquid under the action of gravity
was calculated subject to a specified wall velocity. The
average flow velocity, interface velocity and the heat
transfer coefficient obtained from the calculation are
listed in the table. The results, when converted into a
stationary frame of reference, are independent of the
wall velocity (unlike in the case shown in Fig. 3). It is
noted that perfect agreement with theory is obtained
for this simple, one-dimensional flow in all the cases.
The results in the more complicated case of a film with
a wavy interface are presented below in three parts.
The first part deals with the calculations of sinusoidal
waves of the type shown in Fig. 1(i); the second with
distorted sine waves of the type shown in Fig. 1(ii);
and the third part with solitary roll waves of the type
shown in Fig. 1{iii).

3.1. Sinusoidal waves

For this case, the wavelength is taken as 10 mm,
which is typical for the flow of water down a pipe [40].
Several cases were run in which a regular sine wave of
amplitude of 10% of the film height was assumed to
be present on a film of thickness varying between 0.05
and 0.5 mm. The film thickness would correspond to
a smooth film Reynolds varying between 0.4 and 409.
The waves themselves would correspond to the long-
wave approximation made in linear stability analyses.
The methodology described in Section 2.3 was used
to calculate the wave velocity in each case.

Typical results from these calculations are shown
in Fig. 4, which shows the velocity contours and the
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Table 1. Smooth falling film calculations: density = 1000 kg m™3, viscosity = 0.001 kg m~

' §7! and thermal

conductivity = 0.00l Wm™ 'K~ Pr=1

1] u, Re = /.

(mm] fms™] ub/v Wm 2K wit, ym
0.05 0.00819 0.41 20.00 1.50 1.00
0.10 0.0327 3.27 10.00 1.50 1.00
0.15 0.0736 11.04 6.667 1.50 1.00
0.225 0.1656 37.26 4.444 1.50 1.00
0.30 0.2944 88.32 3.333 1.50 1.00
0.40 0.5232 209.3 2.500 1.50 1.00
0.50 0.8174 408.7 2.000 1.50 1.00

temperature contours for the case of mean film thick-
ness of 0.1 mm corresponding to a smooth film Rey-
nolds number of 3.27. (The wave shape is fore-
shortened to bring out the variation more clearly, but
the actual wavelength to amplitude ratio is 1000.)
It can be seen that nearly symmetric velocity and
temperature fields are obtained for this case. There is
no evidence of recirculation under the wave crests. At
higher Reynolds numbers (corresponding to larger
film thicknesses), the symmetry is maintained, but a
phase shift appears between the film thickness and the
flow variables. This is illustrated in Fig. 5 which shows
the variation of the normalized wall shear stress and
the normalized heat transfer coefficient along the wave
as a function of the film thickness. (The wave ampli-

tude to film thickness ratio in all cases is kept at
0.1.) The sinusoidal interface profile gives rise to a
sinusoidal perturbation in the wall shear stress in all
cases. However, except at very low Reynolds numbers,
the distribution is not symmetrical about the mid-
point, and a phase shift appears. Another noticeable
feature is that the amplitude of the wall shear stress
variation increases with Reynolds number, although
the response remains linear in the sense that it consists
of the single, fundamental harmonic associated with
the wave shape.

The results obtained in this series of calculations
are summarized in Table 2. Here, the wave velocity
and the average flow velocity obtained for each case
are given. It is seen that the ratio of the wave velocity

M

Fig. 4. Results obtained for the case of a mean film thickness of 0.1 mm corresponding to a smooth film
Reynolds number of 3.27: (i) axial velocity contours, and (ii) temperature contours. The amplitude to
wavelength ratio is 0.1.
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Fig. 5. Variation of (i) normalized wall shear stress and (ii)

normalized heat transfer coefficient along the wave at a mean

film thickness of (a) 0.05 mm, (b) 0.1 mm, (c) 0.15 mm, (d)

0.225 mm, (e} 0.3 mm, (f) 0.4 mm and (g) 0.5 mm. The wall

shear stress and the heat transfer coefficient were normalized
by dividing by the mean value over the wave.

to the average flow velocity approaches the theoretical
value of 3 only at very low Reynolds numbers, and
that it decreases with increasing Reynolds number.
The average flow velocity in wavy flow is slightly
greater than that for a smooth film flow, but the effect is
very small. Although the local heat transfer coefficient
varies appreciably over the wave, the wavelength-
averaged value is only slightly higher (by less than
1%) than the smooth film value. Thus, small ampli-
tude, long-wavelength sinusoidal waves do not have a
significant effect on the heat transfer.

The effect of increasing wave amplitude is sum-

marized in Table 3 and Fig. 6 for a mean film thickness
of 0.1 mm and a wave amplitude of 0.1, 0.2, 0.333 and
0.5 of the mean film thickness. It is seen from the
table that the wave velocity decreases as the amplitude
increases. There is a more pronounced increase in the
mean flow velocity through the wave. Examination of
the velocity field showed that there was no recir-
culation in the wave crest in the first three cases, while
a weak recirculation zone could be seen in the fourth
case with a wave amplitude of half of the mean film
thickness. The variation of the wall shear stress is
symmetrical in all cases [Fig. 6(i)]; however, a higher
harmonic variation occurs in the last two cases, thus
illustrating the departure from linear response. The
variation of the local heat transfer coefficient [Fig.
6(ii)] is sinusoidal and symmetrical in all cases. This
is due to the fact that the heat transfer process is
dominated by thermal conduction through the film,
rather than by convection effects. Indeed, the local
heat transfer coefficient is found to be closely approxi-
mated by the Nusselt’s smooth film expression if the
local film thickness is used to evaluate it. It may there-
fore be argued that there is no enhancement of heat
transfer in wavy flow. However, wavy flow has an
effect on the hydrodynamics of the flow ; for example,
the mean flow velocity is higher than what it would
be for a smooth film of the same mean film thickness,
and this fact must be taken into account in assessing
the wave-induced enhancement. This can be done as
follows.

The Reynolds number of the flow based on the
mean flow velocity and the mean film thickness can
be calculated for each case. This then would be the
Reynolds number of the flow corresponding to the
assumed interface shape. The wave-induced enhance-
ment can then be quantified by comparing the cal-
culated heat transfer coefficient with that obtained in
smooth film flow with the same Reynolds number,
which, of course, is given by equation (1c) above. The
ratio of these two quantities is given in Table 3, and
is seen to increase from 1.010 to 1.276 as the ampli-
tude-to-height ratio increases from 0.1 to 0.5. Thus,
there would be an appreciable enhancement in the
heat transfer rate in the presence of large amplitude
sinusoidal waves, even without a significant recir-
culation under the wave crest.

Table 2. Effect of small-amplitude sinusoidal waves on thin falling film flow: same fluid properties as in Table 1, and
amplitude/film thickness = 0.1

14 L, U, i, Re = A

[mm] [mm] [ms™1] [ms~'] u,0/v [Wm2K™"] u,fu, Ay
0.05 10 0.0232 0.0083 0.414 20.00 2.801 1.010
0.10 10 0.0925 0.0331 3.31 10.00 2.794 1.009
0.15 10 0.207 0.0745 11.18 6.667 2.777 1.009
0.225 10 0.460 0.1674 37.67 4.444 2.748 1.009
0.30 10 0.800 0.2963 88.89 3.333 2.700 1.007
0.40 10 1.30 0.5250 210.0 2.500 2.476 1.006
0.50 20 1.92 0.8199 410.0 2.000 2.342 1.006
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Table 3. Effect of increasing wave amplitude on wavy film flow ; mean film thickness = 0.1 mm, wave length = 100 mm

alé U, u, Re = A

[mm]} [ms™] [ms] udfv Wm2K™] uyfu, M
0.1 0.095 0.0332 3.315 10.05 2.866 1.010
0.2 0.095 0.0346 3.455 10.20 2.750 1.039
0.333 0.092 0.0376 3.764 10.60 2.444 11114
0.5 0.0845 0.0442 4419 11.54 1.912 1.276

3.2. Distorted sinusoidal waves

It is known from experiments that after inception,
the sinusoidal waves grow with distance, and also
distort such that they have a steeper front and a longer
tail. The hydrodynamics of these waves has been
investigated using the same methodology as above
using an asymmetric interface shape of the type shown
in Fig. 1(ii). Calculations were performed for a mean
film thickness of 0.3 mm (corresponding to a smooth
film Reynolds number of 88.3) and an amplitude of
0.1 mm. The distortion of the sinusoidal wave can be
characterized by a distortion factor defined as the
ratio of the length of the wave tail section [L, in Fig.
1(ii)] to that of the wave front section (L;). When the
ratio is unity, the wave is symmetrical, and the higher
the ratio is, the more the distortion. (The ratio can
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Fig. 6. Variation of (i) normalized wall shear stress and (ii)

normalized heat transfer coefficient along the wave at a mean

film thickness of 0.1 mm and an amplitude to film height

ratio of (a) 0.1, (b) 0.2, (c) 0.333 and (d) 0.5. The wall shear

stress and the heat transfer coefficient were normalized by
dividing by the mean value over the wave.

0.75

also be less than one implying that the wave tail is
steeper than the front, but this is unphysical, and the
possibility is not considered here.) In the calculations,
the distortion factor is varied between 1 and 4. The
results are summarized in Table 4 and Fig. 7. As the
distortion increases and the wave front steepens, the
wave velocity decreases significantly, while the mean
flow velocity decreases by a much smaller factor. This
is in contrast to the case of increasing wave amplitude
where the mean flow velocity increases as the wave
velocity decreases (see Table 3). This is reflected in the
wall shear stress variation shown in Fig. 7(i), which
becomes more uniform as the distortion increases. The
local heat transfer coefficient follows closely
the inverse of the film thickness, although there is
some deviation. While the wavelength-averaged heat
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Fig. 7. Variation of (1) normalized wall shear stress and

(ii) heat transfer coefficient along the wave at a mean film

thickness of 0.3 mm and an amplitude of 0.1 mm for a

distortion factor of (a) 1.22, (b) 1.5, (c) 2.5, (d) 3.0, and (e)

4.0. The wall shear stress was normalized by dividing by its
mean value over the wave.
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Table 4. Effect of distortion of the sinusoidal wave on wavy film flow ; mean film thickness = 0.3 mm, wave length = 100
mm ; a/d = 0.333

U, u, Re = 2
L/L; [ms ] [ms™] u,8/v [Wm2K™'] Uy 1, yym
1.0 0.745 0.316 94.92 3.516 2.355 1.081
1.22 0.657 0.306 91.80 3.537 2.147 1.075
1.5 0.604 0.299 89.82 3.563 2.017 1.075
2.5 0.538 0.291 87.15 3.619 1.852 1.081
3.0 0.512 0.287 86.01 3.648 1.786 1.085
4.0 0.490 0.283 84.99 3.676 1.730 1.089

transfer coefficient increases with increasing distor-
tion, the overall enhancement in terms of the equi-
valent Reynolds number smooth film flow is nearly
the same as for a corresponding sinusoidal wave (see
Table 4).

3.3. Solitary or roll waves

Solitary or roll waves [sece Fig. 1(iii)] are much
larger—both in amplitude and in wavelength—than
the sinusoidal waves considered above [17]. Typically,
they have an amplitude of several times the base film
(substrate) thickness. These are solitary waves in the
sense that any significant variation of amplitude is
confined to one or two centimetres in the flow direc-
tion, while successive waves are separated by a dis-
tance of several centimetres. The hydrodynamics of
such waves have been studied to some extent by
Dukler and co-workers [12, 24, 25] and Maron and co-
workers [22, 23], although the associated heat transfer
problem has not been addressed before. Here, we pre-
sent the velocity and temperature fields for three cases
for which the interface height, A(x), is given as
follows:

| )
h(x) = 5[(hp+h§)—(hp—hs) cos%J for0 < x < L,

= %[(hp +h)—(h,—h) COSM]

L
for L, < x< L +Ls
=0 forx<0 orx>L+L,

03]

where 4, is the peak height of the wave, 4, the substrate
thickness, L, the length of the front section of the
wave, L, that of the tail section and x, the x-position

at which the wave height is the maximum [see Fig.
1(iii)].

The wave characteristics for the three cases are
given in Table 5. Note that all the three waves are
asymmetrical and have a steeper front, and the peak-
to-substrate ratio varies from 2 to 6. The length
between successive waves is taken to be 10 cm, and
periodic boundary conditions are imposed at the two
ends. It is mentioned in passing that these waves are
similar to those studied by Maron ez al., although the
boundary conditions appear to be different.

The results of the calculations for the three cases
are summarized in Fig. 8 and in Table 6. Figure 8(i)
shows the streamfunction contours and the tem-
perature contours. (As before, the waves are fore-
shortened, and the wave slopes are not as steep as they
appear.) It can be seen from the streamfunction plot
that there is no recirculation under the wave in the
first case, while there is a large recirculation zone in
the last two cases. One can therefore expect a cor-
responding enhancement in heat transfer rate in the
last two cases. Indeed, the temperature contours given
in Fig. 8(ii) show that there is a convective effect on
the temperature distribution. The extent of the effect
can be gauged from the local heat transfer coefficient
variation shown in Fig. 9. Here, corresponding to each
case are drawn two curves: one showing the actual
heat transfer coefficient (defined as the local heat flux
divided by the local temperature difference between
the interface and the wall), and the other showing
the heat transfer coefficient if it were entirely due to
thermal conduction alone (which is given by the ther-
mal conductivity divided by the local film thickness,
the variation of which is also shown in the figure). It
can be seen that, in all the cases, the heat transfer
coefficient in the wave is much less than that in the thin
film outside the wave, showing that the heat transfer

Table 5. Characteristics of the solitary waves investigated

hy L Ly Lioun
Case [mm] hothg [mm)] [mm] [mm] [mm]
1 0.1438 2 12.08 28.18 18.0 39.0
2 0.1438 4 12.08 28.18 18.0 39.0
3 0.1438 6 12.08 28.18 18.0 39.0
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process is still dominated by thermal conduction. In
the first case, where there is no recirculation under the
wave, the two curves are nearly identical. The effect
of recirculation in the wave can be seen to some extent
in case 2, and more clearly in case 3, in which the heat
transfer coefficient in the wave tail is clearly above
the value obtained by conduction alone. There is a
corresponding, but smaller decrease in the heat trans-
fer coefficient in the wave front. The variation of the
heat transfer coefficient is no longer the same as that
of the inverse of the film thickness.

The overall effect of convection on the heat transfer
coefficient can be obtained by calculating the average
heat transfer coefficient in the wave and comparing it
with that obtained due to conduction alone (i.e. aver-
age value of k/J). These values are given for the three

o

cases in Table 6. When averaged over the wave region
only, there is virtually no enhancement due to con-
vection in the first case while it is more than 10% in
the third case. When considered over the wave and
the substrate film, the recirculation-induced en-
hancement is very small, of the order of a few
per cent, even in the third case. This shows that
the overall heat transfer rate in thin film flow is
not improved significantly by recirculation under the
waves.

The effective enhancement of the heat transfer
coefficient can be calculated as before by comparing
with the heat transfer coefficient obtained in a smooth
film flow at the same Reynolds number. These cal-
culations are summarized in Table 7. It can be seen
that increasing the amplitude of the wave increases

Fig. 8. Contours of (i) streamfunction and (ii) temperature for solitary waves for a peak to substrate film
height ratio of (a) 2, (b) 4 and (c) 6. (Continued overleaf.)
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(ii)
Fig. 8—(Continued.)
the average film thickness as well as the mean flow 4. DISCUSSION AND CONCLUSION
velocity. The resulting increase in Reynolds number
more than offsets the decrease in heat transfer We have studied the hydrodynamics and heat trans-
coefficient. Thus, an effective enhancement of nearly ~ fer characteristics of a wavy laminar flow of given
35% is obtained in the third case. interface shape. The wave velocity and the velocity
Table 6. Heat transfer coefficients in the solitary wave calculations
4 under wave only 2 under wave and substrate
Wm 2K Wm K™
theory theory

Case calculated (conduction) calc/theory calculated (conduction) calc/theory
1 4912 4916 0.999 6.109 6.108 1.000

3.537 3471 1.019 5.540 5.507 1.006

3 3.145 2.829 1.111 5.378 5.241 1.026
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Table 7. Heat transfer enhancement in the solitary waves

) Uy, a,
Case [mm] [ms™"] [ms™']
1 0.1736 0.400 0.1225
2 0.2330 0.251 0.1497
3 0.2928 0.259 0.1772
— 8
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Fig. 9. Variation of the local heat transfer coefficient in the
solitary wave calculations for a peak to substrate film height
ratio of (i) 2, (ii) 4 and (iii) 6. Shown in the figures are (a)
the theoretical heat transfer coefficient, (b) the calculated
heat transfer coefficient and (c) the profile of the wave.

field were obtained such that there was a balance
between the wall shear stress and the gravitational
force. Note that the shape of the interface is not pre-
dicted as part of the solution, but that the solution

Re = A Jan

,0/v W/m72K™] Wm?*K™ Al
21.27 6.109 5.356 1.141
34.89 5.540 4.452 1.220
52.07 5.378 3.974 1.353

obtained (subject to the conditions of periodicity and
no interfacial shear) corresponds to the case of falling
film flow if the interface had taken the shape assumed
in the calculation. Three types of wave shapes com-
monly found in falling films were included in the
study, and the emphasis was on the role of the inter-
facial waves on heat transfer across the film. In as
much as the wavy flow hydrodynamics are not defined
entirely by the mean film thickness (wave parameters
such as amplitude, shape and wavelength also affect-
ing the mean flow velocity), the concept of equivalent
Reynolds number has been proposed as the basis for
comparing a smooth film and a wavy film: the heat
transfer enhancement in wavy film flow is determined
by comparing its heat transfer coefficient with that
expected (from Nusselt’s theory) in a smooth film
having the same film Reynolds number. The cal-
culations were performed for steady state, and no
account was taken of any evolution of the shape of the
wave either with distance or with time. The underlying
assumption is that any time-dependent evolution of
the wave shape is slow enough so that the hydro-
dynamics are not severely affected by it.

The calculations show that for small-amplitude
sinusoidal waves, there is no recirculation under the
wave crests, and that the mean flow velocity is not
much different from that of a smooth film of the same
mean film thickness. In the case of large-amplitude
sinusoidal wave, the mean flow velocity, and thus the
Reynolds number of the flow, increase for the same
mean film thickness. This would correspond to the
experimental observation [34] that upon the onset of
wavy flow, the mean film thickness decreases as com-
pared to the film thickness in the wave-free region.
Although the heat transfer coefficient still corresponds
to that given by the local film thickness, this decrease
in the effective film thickness gives rise to an enhance-
ment in the heat transfer coefficient. In the case of
solitary waves, their large amplitude has two conse-
quences: firstly, a large recirculation zone develops
under these waves ; and secondly, since the flow cross-
sectional area is much higher under the wave than in
the substrate, the mean velocity and the recirculation
velocity are small. The contribution of recirculation
to heat transfer rate is small, and the overall heat
transfer coefficient is still dominated by the con-
duction process through the inter-wave substrate
region. Since most of the fluid is transported in these
large waves, the substrate film is thinner and the effec-
tive heat transfer coefficient therefore higher. The
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effect of waves on heat transfer in thin films is there-
fore an indirect one, and is due to the effective thinning
of the film rather than to enhanced convection within
the waves.
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